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ABSTRACT: Defining the quaternion in terms of Pauli spin matrices we have reformulated the generalized wave
function, generalized four-potential, generalized current, L orentz force equation of motion associated with gravito-dyons
in simple and compact quaternion notations. It has been shown that quaternionic form of generalized potential
generalized current and Lorentz force equation of motion not only compact and simple but also remain invariant under
guaternion transformations and as such the theory is manifestly covariant. Generalized Maxwell-Dirac equation,
generalized field tensor and continuity equation have also been reformulated by means of consistent quater nion notation
in simple and compact forms. It has been shown that the reformulation of quantum equations by means of quaternions
of gravito-dyonsreproduces thetheory of gravitational massin the absence of Heavisidian mass gravito-dyons.
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I. INTRODUCTION

The asymmetry between electricity and magnetism became very clear at the end of nineteenth century with the formulation of
Maxwell’s equations for electromagnetism. Quaternions were very first example of hyper-complex numbers having the
significant impact of mathematics and physics. Because of their beautiful and unique properties quaternions, quaternions
attracted many to study the laws of nature over the fields of these numbers. Recently, there has been areviva in the
formulation of natural laws within the framework of general quaternion algebra and many of the basic physical equations have
been reformulated by means of quaternions [2]. Maxwell's equations are reformulated in terms of quaternions [3-6].

In order to understand the theoretical existence of monopoles (dyons) and keeping in view of their recent potential importance,
with the fact that formalism necessary to describe has been clumsy and not manifestly covariant the quaternionic form of
generalized field of dyons have been developed in unique, ssmple, compact and consistent manner [7]. Rajput et a.[8] has
developed the unique consistent quaternionic formulation for dyons, which reproduces to usual electrodynamics in absence of
magnetic charge. Postulating the existence of the Heavisidian monopoles and taking the linear equation for gravito-Heavisian
field, Rajput [9] has been demonstrated the structural symmetry between the generalized electromagnetic field associated with
gravito-dyons.

Keeping in view the interest in linear gravity and the structural symmetry between generalized gravito-Heavisidian and
electromagnetic field in this paper we have reformulated the quantum equations of gravito-dyons in terms of simple, compact
and consistent representation of quaternions. Defining the quaternion in terms of Pauli spin matrices we have reformulated the
generalized wave function, generalized four-potential, generalized current, Lorentz force equation of motion associated with
gravito-dyons in simple and compact quaternion notations. It has been shown that quaternionic form of generalized potential
generalized current and Lorentz force equation of motion not only compact and simple but also remain invariant under
quaternion transformations and as such the theory is manifestly covariant. Generalized Maxwell-Dirac equation, generalized
field tensor and continuity equation have also been reformulated by means of consistent quaternion notation in simple and
compact forms. It has been shown that the reformulation of quantum equations by means of quaternions of gravito-dyons
reproduces the theory of gravitational massin the absence of Heavisidian mass gravito-dyons.

I1. GRAVITO-DYONSAND THEIR FIELD EQUATIONS

Let us define the generalized charge associated with gravio-Heavisidian fields (gravito-dyons) as complex quantity by
g =m - ih (1)

where m and h are gravitational and Heavisidian charges (masses) respectively.

Then generalized fields of gravito-dyons can be expressed as

03 ab

G=-—-0¢,+0xb & M=-—-0b,-0xa e
ot ot
where G and M represents gravitational and gravi-magnetic fields respectively. We can also define the generalized vector
fiddas # = G- i M ..(3)
which satisfy the following form of equation
Oy =J, & Oxy i 3 e
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where J, and J arethe temporal and vector components of generalized four-current associated with gravito-dyonsi.e.

3¢ o= g - k" .(5)
The generalized four-potential associated with gravito-dyons may be written as

V, =a, =i bﬂ ...(6)
The generalized gravito-Heaviseadian field tensor for gravito-dyonsis given as

GW = F#v =i FW ..(7)
Which gives the following covariant form of linear field equation

G,.,=-3" & G,, =0 (8

and reduces to following form of generalized Maxwell’s — Dirac equation in presence of gravito-dyons associated with
generalized four-potential i.e.
ov, = -3/ (9
whereO represents the D’ Alembertian operator and is given as
0° 2 9> 0° 0° a°
o = z_D = >~ > = > = > ...(9)
ot ot 0Xx oy 0z
The Lorentz force equation of motion for gravito-dyon may be written as
2

— d X/l — * v
f, = mOF_ Re (g G, Vv") ...(10)

7]

where V" isthe four velocity and M is the effective mass of gravito-dyon given by M = m + h.

1. QUATERNION ANALYSISOF GRAVITO-DYONIC FIELDS

The complex vector field eH may be written as

Yo =G -iH BB—+DCD +Dbu—EﬁL P, -0x éE

=%(€1+i6)—i(¢g—i¢h)+iﬁ><(é—i5): ‘Z—\t’mv +ilxV
0 geH —aa—\t/+ grad V, +i curl V (12

where V' and V, are sptatial and temporal components of generalized four potentials associated to gravito-dyons. Using
equation (4) and the property of vector triple product we have

-
Ox(@OxYP) = [ x |a_LP+|J O —iJO—DZLTJ:—al:J a— +idxJ
ot ot t
%?T E@ a—‘]+ﬁ~]0+ii><j
ot
0 P = a—+gradJ +icurl J = S (say) (12

Thus from equation (11) and (12) it is clear that the role of V inW is same as the role of J in W . Therefore J must be

related with V' by the same operator  which can be shown with the help of quaternionic formulation.
In order to write the field equation (11) and (12) in quaternionic form for gravito-dyons we define the quaternion as

qQ=09, +t 0,0, *0,q, * 0;Q;, (13
where o, = ie, , o’ =1 & o0, =0y tiguo.
The four—potential {V,} and four—current{J }of gravi-magnetic field may be written in the following form
V. =V,+o0,V,+0,V, + 0,V, ..(14)
and
J=J,+t+0,J,+t0,), +0,;J, ...(15)
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The quaternion differential operator D can be written as

D=0,+0c,0,+0,0,+ 0,0, ...(16)
And the quaternion conjugate of V,J and D are defined as

V=V, -oV,-0o,V, -o\V,

J=J,-0,-0,J, -0, ..(17)

D=0,-0,0, -0,0, - 0,0,
From these equations we have

DV =@,+0,0,+0,0,+0,0,)(0,V,+0,V,+0,V,+0,V;)
(0,V, + dwW ) +o,{a v, +0,V, +i(0xV),}
+0,{00V, +0,V, +i(0xV),} + {0V, +0,V, +i(DxV),)}
=Y, +o,¥Y, +to,¥Y,+0,¥W, =V ...(18)

where W, =0V, + div V = 0 (dueto Lorentz gauge condition) and W, =0V, +9,V, + i (0 ><\7)j. Also
DJ =(0,+0,0,+t0,0,+0,0;)(0,),+0,3,+0,J,+0,J;)
= (0,3, +dv] ) + c,{0,3,+0,3,+i(0xJ),}
+0,{0,0, +0,d0 +i(0x3),} +0{0,35+0,3, +i(0xJ),)}
=S,+0,5+0,S,+0,S,=S ...(19)
where S, = 0,J, + div] = O (dueto continuity equation) and S;=0,d;+0,J,+i(0xJ),
Now operating | W by D wehave
DY = (0p-0,0,-0,0,-0405) (0,¥, +o,¥, +o,¥,)
( W, =0 dueto Lorentz condition)
=- 0¥, -0,¥W,-0,W,; + O-l{aOLIJI —i(0,¥, —634’2)}
+ o'z{aowz —i(0,W¥, - allpS)} + as{aow3 —i(0,¥, - azl'pl)}
~000 +0,{0,W, — (0 x W), }+o,{0,W, —i(0xW),}+o,{0,W, ~i(Ox W)}
Jo+to,J,to,),+0,), =1 ....(20)

Similarly

W =(Vo—o N, —0o VN, —o V)0, ~0,0, —0,0, ~0,03)
(0,V, +diw ) —o{a,v,+aV, +i(0xV),}
— 0, {0V, + 0,V +i(OxV),} —o,{0,Vs +V, +i(OxV),)}
—LPO—O'll-Pl—O'ZLPZ—O'SLPSZG (21)

Likewise
(DJ) =(00dy =01, 70,1, 70333)(0, 0,0, - 0,0, ~0;03)
=0,J,+dw -of0,3,+0,3,+i(0xJ),}
c0,{0,3, 40,3, +i(0x3),} - 0,{0,3, +0,3, +i(OxJ),)}

=S,-0,5 -0,S,-0,5;,=S ...(22)
Now J and S canbeexpressedintermsof V and W [las follows:
The temporal component of J can be written as

Jo=-0W =90,¥W,-0,¥,-0,¥,
==0,(0,Vy +0,V, +0,V;5) =07V, 03V, —03V= =0, (diW ) - (07 +0; +93)V,
= = 0,(0,V,) — (0%)V, [0V, +diwW =0]
= 0V —0%, =(05-0%V, =
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Thus the temporal components of J is related with the temporal component of V .
The spatial component of J can be expressedintermsof W and V as
J;=0,¥W, —i(0xW), =- ao{ao\/l +0,V, +i(U xv)l} - i{azws —034’2}
== 0N, + 0,0V, +i0,(d,V, —0,V,) —i0,{0,V, +0,V, +i(0,V, —d,V,)}
+i0,{0V, +0,V, +i(0,V, —0,V,)}
a(2)\/1 - agvl - a?2>V1 = 0,(0Vy +0,V, +0,V;)
agvl - a12\/1 - agvl - agvl - a1(60\/0 + alvl + azvz + a3\/3)

= V,+ 0,(0,V, +diwW ) =V, [0V, +diW =0]
Similarly J, =V, & J, =V,
Thusthe spatial components of J are related with the spatial components of V . Therefore we can write

V = ...(23)

which is similar to field equation (9). Similarly we can express S intermsof W asfollows.
The temporal component of S i.e. S, iszero dueto continuity equation. The spatial componentsof S are expressed as

S, =0,d,+0,3,+i(0x1J),
= 9,{0,W, —i(0x W), }+9,(-0 W)
+ i[az{_aows"' (o x LIJ)3}_63{_604,2 +i(0 x l'P)z}]

=02W, —i0,0,W, +10,0,W, -0°W,  -0,0,W,-i0,0,W, +0,0,¥,-02¥,
-i0,0,W,-02W, +9,0,¥,-0,0,¥,
= 029, - 02W - 02W - 02W, = (32-TH)W, = W,
Similarly S = Y, & S = Y,
Therefore the spatial components of S are related with the spatial components of W and we can write
Y =2=S ...(29)
The generalized gravito-Heavisidian field tensor may be expressed in quaternionic form as
G"=0,Gy +0,G +05,G +05,GF ..(25)
where
G =0,G,,+0,G,+0,G,+0,G,; (1=0123) ...(259)

As G,, isanti-symmetric field tensor therefore
G =Gy =G, =G5 =0
Now operating G, by quaternion differential operator D and D by G, ,wehave
DG, = (0,+0,0,+0,0,+0,0;)(0,Gy, +0,Gp, +0;G4)

G, D = (=0.Gy ~ 0,6y, =03Ge) (0 ~ 010, = 0,0, ~ 0305)

Since G ww = —J, for gravito-dyons, therefore

DG, +G, D = 2[0,Gy, +0,G,, +0,Gg] = -2,

0 [D,G,] = -J, ...(263)
Similarly

[Diel] =-J ., [D,G,] =-J, & [D’Ga] = -J;

Also

DG+GD =2[9,G,+9,G,+0,G,+9,G,] =-21J ..(27)
Thus we may writethe equation G ,, , = —J , inquaternion formas

[D,G] =-1J ...(28)
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Also
DJ+JD =2[0,J,+0,J,+0,),+0,J,]
=2[0,J,+div) ] = O (dueto continuity equation)
Thus
[D,J] = O ...(29)
which is continuity equation in quaternionic form. The quaternionic form of force equation is described as
f=q[v,G] =1q[VvG+GV] ...(30)

IV. DISCUSSION

We have obtained the relation between the components of generalized four-current with the generalized field associated with
gravito-dyons . The electromagnetic four potentials and four-currents have been expressed in quaternion form . We have aso
written the differential operator in quaternion form and operated the four potentials and four-currents by quaternion differential
operator. After using Lorentz gauge condition and continuity equation we have obtained the equations in quaternionic form of
generalized potential and generalized four-current of dyons respectively. As such these two equations are quantum equations
respectively for generalized four-potential and generalized four-current of gravito-dyons. These equations are the short hand
notation and written in  compact and consistent way. These two equations remain invariant under quaternion transformations
and as such the quaternionic formulation becomes manifestly covariant. We have obtained the relations between gravito-
Heavisidian field and the components of generalized four-current of gravito-dyons and hence establishes the quaternionic form
of generalized Maxwell-Dirac equation of gravito-dyons in simple, compact and consistent manner. On the other hand, we have
describe the quaternion conjugate forms of generalized potential and current of gravito-dyons. The generalized field tensor,
four-velocity and four force have been written is quaternionic form. The components of field tensor have also been written in
quaternionic form. The Lorentz force equation has also been expressed in quaternionic form.
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